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The stability of the linear transport equation is established when the host medium
is nonmultiplying and occupies a bounded convex body. Under the assumption that
the minimal value of the collision frequency or the minimal speed of the transport
particles is larger than zero, the exponential stability is proven. When this condition
is not valid, the stability (but nonexponential stability) result is obtained.  2001
Academic Press
1. INTRODUCTION
In this paper we discuss the stability of the linear transport equation
∂
∂t
f x ξ t = −ξ · ∇xf x ξ t − hx ξf x ξ t
+
∫
V
kx ξ ξ′ f x ξ′ tdξ′  (1)
Here x ∈ D, D ⊂ R3 is a bounded convex and open set where transport
process takes place, and ξ ∈ V = ξ ∈ R3u0 < ξ < u10 ≤ u0 < u1 <
∞, where V is the velocity domain of the particles involved in the transport
processes. Throughout the paper, we assume the following:
1. The collision frequency hx ξ and the energy transport kernel
kx ξ ξ′  are bounded nonnegative and measurable functions deﬁned in
D× V and D× V × V , respectively.
1 This work is supported by the National Science Foundation of China.
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2. The boundary ∂D of D is piecewise smooth. The inward normal of
∂D at the point x ∈ ∂D is denoted by nx, so the function x ∈ ∂D→ nx
is piecewise continuous.
3. The host medium is surrounded by a vacuum or a pure absorber;
that is, we equip Eq. (1) with the following non-reentry boundary condition:
f x ξ t = 0 x ξ ∈ ∂D× V+ t ≥ 0 (2)
where ∂D× V+ = x ξ x ξ ∈ ∂D× V and ξ · nx > 0.
Under the foregoing assumption, it has been shown (e.g., [4, 11, 12])
that the transport operator Ap deﬁned by the right-hand side of Eq. (1)
equipped with boundary condition (2) generates a positive C0 semigroup
Spt in LpD× V  for every 1 ≤ p < +∞. (The precise description of the
domain DAp of Ap is given later; see also [4, 13]). Consequently, Eq. (1)
with boundary condition (2) has a unique (positive) solution f x ξ t =
Sptf0x ξ for every (positive) initial value f0 ∈ DAp [6, 8]. A funda-
mental problem is to determine when the solution Sptf0 and the solution
semigroup Spt are stable or exponentially stable as t →+∞
Assuming that hx ξ and kx ξ ξ′  are continuous in their domain and
continuously differentiable in x, and hx 0 > 0, Pao [8, Theorem 3.1 and
Remark 3.1] showed by the classical upper and lower solution method that
for every continuous f0x ξ, the solution f x ξ t is exponentially stable
in the maximum norm when hx ξ > hpx ξ =
∫
V kx ξ
′
 ξdξ′ . Under
the weaker conditions that hx ξ ≥ hpx ξ and mesx ξhx ξ >
hpx ξ > 0 (but assuming u0 > 0), this result was proven in the L2 norm
[6]. But physics suggests that under the non-reentry boundary condition (2),
the solution of Eq. (1) should be exponentially stable in the Lp norm if the
host medium is nonmultiplying, i.e., hx ξ ≥ hpx ξ. Furthermore, even
if the host medium is conservative (i.e., hx ξ ≡ hpx ξ), the solution is
likely to converge to 0 as t → +∞, since migrating particles may escape
from the boundary ∂D and no particles are entering the host medium from
outside.
The foregoing brief overview of previous work in this ﬁeld motivates our
present research. To describe our theorems, we need the following symbols
[4, 11–13]:
t±x ξ = infs > 0x± sξ /∈ D x ξ ∈ D× V
and
λ∗ = sup
t>0
{
inf
x ξ∈D×V t−x ξ>t
(
1
t
∫ 0
−t
hx+ sξ ξds
)}

Denote the diameter of D by d. If u0 > 0 and t >
d
u0
, then x ξ ∈ D× V ,
t−x ξ > t = , and consequently (we put inf = +∞ if the inﬁmum is
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taken over an empty set),
inf
x ξ∈D×V t−x ξ>t
(
1
t
∫ 0
−t
hx+ sξ ξds
)
= +∞ t > d
u0

Hence λ∗ = +∞ for u0 > 0. Otherwise, 0 ≤ λ∗ < +∞
Throughout this paper, ·p indicates the p-norm or the norm of
bounded linear operators in LpD × V . Now we can write down our
results.
Theorem 1. If u0 > 0 or λ∗ > 0, and hx ξ ≥ hpx ξ, then the trans-
port semigroup Spt is exponentially stable. Furthermore, there exist positive
numbers δ > 0 and M ≥ 1 such that for every 1 ≤ p <∞,
Sptp ≤M exp−δt t ≥ 0
Remark 1. In Theorem 1, the p independence ofM and δ is very impor-
tant. It points out that the exponential stability of the transport semigroup
Spt is uniform in p for p ∈ 1∞. As a result, we obtain a maximum
norm estimate of the weak solutions for the transport equation (1) which
sharpens Pao’s result [8](see Corollary 1). On the other hand, it is worth
mentioning K. Latrach’s paper [5] on asymptotic behavior for transport
equations in slab geometry and other papers cited in it. In Latrach’s paper,
reentry boundary conditions both for dissipative and multiplying cases were
considered. He obtained the asymptotic expansions of the transport semi-
groups (Theorems 2.2 and 3.3) in Lp spaces by the method of inverse
Laplace transform for strongly continuous semigroups, from which the sta-
bility and instability of the transport equations can be derived. Our paper
also aims at the stability results and especially at the p independence of the
parameters for the exponential stability, which also enables us to obtain the
maximum norm stability result. It is in this sense that our results improve
those in Latrach [5] and others cited therein. Our method, which is differ-
ent from Latrach’s method and the methods used in [6, 8], mainly relies on
the spectral theory of the transport equations.
Corollary 1. Under the assumptions of Theorem 1, we have for
every p ≥ 1 SptL∞D × V  ⊂ L∞D × V  ∀ t > 0 and for every
f ∈ L∞ D× V ,
Sptf∞ ≤M exp−δtf∞ t ≥ 0
Proof. In the following, we show (see the proof of Theorem 1) that
SptLqD×V  = Sqt ∀ q > p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Since L∞D × V  ⊂ LqD × V  for every q ∈ 1∞, it follows from
the foregoing description that for every f ∈ L∞D × V  and q > p ≥ 1,
Sptf = Sqtf . By Theorem 1, we obtain
Sptfq = Sqtfq ≤M exp−δtfq t ≥ 0
Letting q→∞, we obtain by ·∞ = lim
q→∞·q that
Sptf∞ ≤M exp−δtf∞ t ≥ 0
which also means that SptL∞D × V  ⊂ L∞D × V  for all t > 0 and
p ≥ 1.
Theorem 2. If u0 = λ∗ = 0 and hx ξ ≥ hpx ξ, and if there exists
an  > 0 such that for all ξ ∈ V satisfying 0 < ξ < ,
kx ξ ξ′  = 0
then for every f ∈ DAp, we have
lim
t→+∞Sptfp = 0
2. PROOF OF THE MAIN RESULTS
To prove Theorem 1, we need some lemmas. First, we deﬁne some linear
operators in LpD× V  for p ∈ 1∞:
Bp LpD× V  → LpD× V 
Bpf x ξ = ξ · ∇xf x ξ − hx ξf x ξ
+
∫
V
kx ξ′ ξf x ξ′ dξ′
f ∈ DBp (the domain of Bp) if and only if (1) f ∈ LpD× V  such that
for almost all x ξ ∈ D × V f x + tξ ξ is absolutely continuous for t ∈
0 t+x ξ and f x+ t+x ξξ ξ = 0 and (2) ξ · ∇xf x ξ ∈ LpD× V .
Qp LpD× V  → LpD× V 
Qpf x ξ =
∫
V
kx ξ′ ξf x ξ′ dξ′
DQp = LpD× V 
Lp = Bp −Qp
DLp = DBp
Ap LpD× V  → LpD× V 
Apf x ξ = −ξ · ∇xf x ξ − hx ξf x ξ
+
∫
V
kx ξ ξ′ f x ξ′ dξ′
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f ∈ DAp (the domain of Ap) if and only if (1) f ∈ LpD × V  such
that for almost all x ξ ∈ D × V f x − tξ ξ is absolutely continuous
for t ∈ 0 t−x ξ and f x − t−x ξξ ξ = 0 and (2) −ξ · ∇xf x ξ ∈
LpD× V .
Jp LpD× V  → LpD× V 
Jpf x ξ =
∫
V
kx ξ ξ′ f x ξ′ dξ′
DJp = LpD× V 
Tp = Ap − JpDTp = DAp
It is known that the adjoint operator A∗p of Ap is Bq for p ≥ 1 and
p−1 + q−1 = 1, and the adjoint operator B∗1 of B1 is A∞.
Lemma 1. For any p ∈ 1∞ ρTp ⊃ λ ∈ CReλ > −λ∗, where
ρTp is the resolvent set of Tp.
Proof. When 1 ≤ p < ∞, Voigt, [11] has shown that it is enough to
prove the result for p = ∞. It is known [12] that for 1 ≤ p < ∞ Tp
generates a positive C0 semigroup Wpt in LpD× V  and
Wptp = exp
(
− inf
x ξ∈D×V t−x ξ>t
(∫ 0
−t
hx+ sξ ξds
))
 (3)
Let λ satisfy Reλ > −λ∗; then λ ∈ ρTp for every p ∈ 1∞. Since
T∞ ⊂ TpL∞D×V , λ− T∞ is injective. On the other hand, we have [7]
λ− Tp−1f =
∫ ∞
0
e−λtWptf dt f ∈ L∞D× V 
Since λ − Tq−1 ⊂ λ − Tp−1 for p < q, we have Wqt ⊂ Wpt. From
the foregoing equation and Eq. (3) we obtain
λ−Tp−1fq≤
∫ ∞
0
e−ReλtWqtqfqdt
≤
∫ ∞
0
e−Reλt exp−λ∗ttfqdt f ∈L∞D×V  p<q
where
λ∗t = inf
x ξ∈D×V t−x ξ>t
(
t−1
∫ 0
−t
hx+ sξ ξds
)

Let l > 0 such that Reλ > −λ∗ + 2l. Since limt→+∞ λ∗t = λ∗, there exists
a t0 > 0 such that λ∗t > λ∗ − l for t > t0, and we have
λ− Tp−1fq ≤ C1λfq +
∫ ∞
t0
exp−ltdtfq
≤ Cλfq f ∈ L∞D× V  p < q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Let q → ∞; then we obtain λ − Tp−1f∞ ≤ Cλf∞ for every f ∈
L∞D× V . So λ− Tp−1 is a bounded operator in L∞D× V , but λ−
T∞λ− Tp−1 = λ− Tpλ− Tp−1 = I. Consequently, λ ∈ ρT∞.
Lemma 2. σA∞ ∩ λ ∈ CReλ > −λ∗ ⊂ σdisA∞, where σ· and
σdis· represent the spectrum and the discrete spectrum of an operator.
Proof. Since L∗1 = T∞, it follows from Lemma 1 that σL1 ⊂ λ ∈
C; Reλ ≤ −λ∗. Because B1 = L1 + Q1 and because Q1 is a bounded
integral operator with bounded integral kernel, using the same method in
[4], we can show that some nth power of Q1λ−L1−1 is compact. Hence,
λ− T∞−1J∞n = Q1λ− L1−1n∗ is compact. By Gohberg’s theorem
[4], we obtain the result.
Lemma 3. Bq generates a positive C0 semigroup Uqt in Lqt for every
q ∈ 1∞. Moreover, Uqt = Spt∗ for p−1 + q−1 = 1 and q > 1.
Proof. In fact, Lq is the generator of the following positive C0 semigroup
in LqD× V :
Uq0tf x ξ =
{
exp
(− ∫ t0 hx+ sξ ξds)f x+ tξ ξ if t+x ξ > t
0 if t+x ξ ≤ t
Since Qq is a bounded positive operator, it follows from [7] that Bq =
Lq +Qq generates a positive C0 semigroup in LqD× V . The rest of the
theorem follows from Bq = A∗pp−1 + q−1 = 1 q > 1 and the fact that
LpD× V  is reﬂexive.
We use the following in the proof of Theorem 2, which is a simple case
of [9, Theorem 4.4, p. 119]
Lemma 4. Let A be the inﬁnitesimal generator of a C0 semigroup T t
satisfying T t ≤ M exp−ωt in a Banach space X, where ω > 0. Let
f  0+∞ → X be continuously differentiable such that limt→∞ f t = 0.
Then, for every initial value f0 ∈ DA, the abstract Cauchy problem
u′t = Aut + f t t ≥ 0
has a unique classical solution ut = T tf0 +
∫ t
0 T t − sf sds. Further-
more, limt→∞ ut = 0.
Proof of Theorem 1
First Step. In this step we claim that for all p ≥ 1, the spectral bound
sAp = supReλλ ∈ σAp < 0. It is equivalent to show that σAp ∩
λ ∈ CReλ ≥ 0 = , where σAp is the spectrum of Ap. In the fol-
lowing, denote the discrete spectra and the essential spectra of Ap by
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σdisAp and σessAp, respectively. By deﬁnition, σdisAp consists of iso-
lated eigenvalues of ﬁnite algebraic multiplicity of Ap and σessAp =
σAp\σdisAp.
It follows from [4, 11, 12] that if u0 > 0, then σessAp = ∞ and
σAp = σdisAp ∪ ∞, and if u0 = 0 and λ∗ > 0, then σessAp ⊂ λ ∈
CReλ ≤ −λ∗ and σdisAp ⊂ λ ∈ CReλ > −λ∗. So if σAp ∩ λ ∈
CReλ ≥ 0 != , then sAp ≥ 0 and sAp ∈ σdisAp. By [3, 7] there
exists a positive eigenfunction f x ξ ∈ LpD× V  such that fp != 0 and
Apf = sApf . The explicit form of Apf = sApf is as follows:
−ξ · ∇xf x ξ − hx ξf x ξ +
∫
V
kx ξ ξ′ f x ξ′ dξ′
= sApf x ξ (4)
Let dνx be the surface measure of ∂D, and denote the trace opera-
tor from DAp into L1D × V± ξ · nxdνxdξ by B±, then B+ = 0
(cf. [13]), where ∂D × V− = x ξ x ξ ∈ ∂D × V and ξ · nx < 0.
Integrating Eq. (4) over D × V , by the Gauss integral theorem [13,
Theorem 3.5] we obtain
−
∫
∂D×V−
f x ξξ · nxdνxdξ −
∫
D×V
hx ξ − hpx ξ
+ sApf x ξdxdξ = 0
Since f x ξ ≥ 0 and hx ξ − hpx ξ + sAp ≥ hx ξ − hpx ξ ≥ 0,
we have
f x ξ = 0 x ξ ∈ ∂D× V− (5)
So ∫
D×V
hx ξ − hpx ξ + sApf x ξdxdξ = 0
Since the integrand is nonnegative and 0 ≤ f x ξ is not almost everywhere
zero, the foregoing equation implies that if sAp ≥ 0, then sAp ≤ 0; that
is, sAp = 0. In the following, we show that sAp = 0 is a contradiction.
Let x ξ ∈ D× V and let −t+x ξ ≤ t ≤ t−x ξ, and substitute x ξ
in Eq. (4) (with sAp = 0) by x− tξ ξ. Then we obtain
d
dt
f x− tξ ξ − hx− tξ ξf x− tξ ξ
+
∫
V
kx− tξ ξ ξ′ f x− tξ ξ′ dξ′ = 0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This is equivalent to the following equation:
d
dt
(
exp
(
−
∫ t
0
hx− sξ ξds
)
f x− tξ ξ
)
+ exp
(
−
∫ t
0
hx− tξ ξdt
)
×
∫
V
kx− tξ ξ ξ′ f x− tξ ξ′ dξ′ = 0
Integrating this with respect to t from −t+x ξ to t−x ξ, we obtain
exp
(
−
∫ t−xξ
0
hx− tξ ξdt
)
f x− t−x ξξ ξ
− exp
(∫ 0
−t+xξ
hx+ tξ ξdt
)
f x+ t+x ξξ ξ
+
∫ t−x ξ
−t+x ξ
dt exp
(
−
∫ t
0
hx− sξ ξds
)
×
∫
V
kx− tξ ξ ξ′ f x− tξ ξ′ dξ′ = 0
Since x − t−x ξξ ξ ∈ ∂D × V+ and x + t+x ξξ ξ ∈ ∂D × V−, we
have by the deﬁnition of Ap and Eq. (5) that
f x− t−x ξξ ξ = f x+ t+x ξξ ξ = 0
So, ∫
V
kx− tξ ξ ξ′ f x− tξ ξ′ dξ′ = 0
x ξ ∈ D× V and t ∈ −t+x ξ t−x ξ
This is equivalent to∫
V
kx ξ ξ′ f x ξ′ dξ′ = 0 x ξ ∈ D× V
Hence, Eq. (4) becomes
−ξ · ∇xf x ξ t − hx ξf x ξ t = 0
This implies that f x ξ = 0 for almost all x ξ ∈ D × V , which contra-
dicts fp != 0 and hence sAp < 0.
Second Step. In this step, we use semigroup and interpolation theory to
verify the result of this theorem for 1 ≤ p ≤ 2. By the deﬁnition of Ap, we
know that for sufﬁciently large λ,
λ−Ap−1f = λ−Aq−1f f ∈ LpD× V  ∩ LqD× V 
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for every p q ≥ 1. So, by the exponential formula of operator semigroup
theory [9, p. 33, Theorem 8.3], we obtain
SptLpD×V ∩LqD×V  = SqtLpD×V ∩LqD×V  p q ≥ 1
On the other hand, since Spt is a positive C0 semigroup for every p ≥ 1,
it follows from [2, 6, 14] that sAp = ωAp for all p ≥ 1, where ωAp
is the exponential growth bound of Spt. In consideration of the result
of the ﬁrst step, we have maxωA1ωA2 = maxsA1 sA2 < 0.
Hence, if we choose δ such that maxsA1 sA2 < −δ < 0, then there
exist M1 ≥ 1 and M2 ≥ 1 such that [7]
S1t1 ≤M1 exp−δt and S2t2 ≤M2 exp−δt t ≥ 0
It follows from the Riesz–Thorin interpolation theorem [10] that for 1 ≤
p ≤ 2 1
p
= 1−θ1 + θ2 1 ≤ θ ≤ 1, we have
Sptp ≤M1−θ1 Mθ2 exp−δt t ≥ 0
Letting M = maxM1M2, we obtain
Sptp ≤M exp−δt p ∈ 1 2 t ≥ 0 (6)
Third Step. In this step, we use duality to treat the case for p ≥ 2 and
complete the proof. By Lemma 3, we know that Bq is the generator of the
positive C0 semigroup Uqt for q ≥ 1 and ωBq = sBq = sApp−1 +
q−1 = 1 q > 1. On the other hand, it follows from Lemma 2 that σB1 ∩
λ ∈ CReλ > −λ∗ = σA∞ ∩ λ ∈ CReλ > −λ∗ ⊂ σdisA∞ ∩ λ ∈
CReλ > −λ∗. Since L∞D × V  ⊂ LpD × V , every eigenvalue of
A∞ must be an eigenvalue of Ap. So σdisA∞ ∩ λ ∈ CReλ > −λ∗ ⊂
σdisAp ∩ λ ∈ CReλ > −λ∗. Consequently, ωB1 = sA∞ ≤ sAp.
So for the foregoing δ, we can choose N1 ≥ 1 and N2 ≥ 1 such that
U1t1 ≤ N1 exp−δt and U2t2 ≤ N2 exp−δt t ≥ 1
By the same interpolation procedure, we obtain
Uqtq ≤ N exp−δt t ≥ 1 1 ≤ q ≤ 2
where N = maxN1N2.
Since Uqt = Spt∗ for p ≥ 2 and p−1 + q−1 = 1, we obtain
Sptp ≤ N exp−δt t ≥ 1 2 ≤ p <∞ (7)
The result of the theorem follows from (6) and (7).
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In the proof of Theorem 2, we use the following terminology. Let E be
a measurable set and let E1 and E2 be measurable subsets of E such that
E1 ∩ E2 =  and E1 ∪ E2 = E. Then LpE = LpE1 ⊕ LpE2 means
that for every f ∈ LpE, there exists a unique pair of f1 and f2 such that
fi ∈ LpEi and f z = fiz for z ∈ Eii = 1 2. In this case, we have
fp = f1pp 1 + f2pp 2
1
p 
where fp is the norm of LpE and fippi is the norm of LpEi
i = 1 2.
Proof of Theorem 2. Let V 1 = ξ ∈ V   ≤ ξ ≤ u1 and V 2 =
ξ ∈ V  0 < ξ < . Then LpD × V  = LpD × V 1 ⊕ LpD × V 2.
Let hix ξ = hx ξ for x ξ ∈ D × V ii = 1 2 and k1jx ξ ξ′  =
kx ξ ξ′  for x ξ ξ′  ∈ D× V 1 × V jj = 1 2. Then, using the forego-
ing terminology and the assumptions of Theorem 2, Eq. (1) with boundary
condition (2) and unknown f is equivalent to the following initial boundary
value problem (8)–(10):
∂
∂t
f1x ξ t = −ξ · ∇xf1x ξ t − h1x ξf1x ξ t
+
∫
V 1
k11x ξ ξ
′ f1x ξ
′
 tdξ′
+
∫
V 2
k12x ξ ξ
′ f2x ξ
′
 tdξ′
x ξ ∈ D× V 1 t ≥ 0 (8)
∂
∂t
f2x ξ t = −ξ · ∇xf2x ξ t − h2x ξf2x ξ t
x ξ ∈ D× V 2 t ≥ 0 (9)
and
Fix ξ t = 0 for x ξ ∈ ∂D× V i+ i = 1 2 and t ≥ 0 (10)
where f = f1 f2 and fi ∈ LpD× V i i = 1 2
Deﬁne linear operators Ap 1Ap 2 and K:
Ap 1 LpD× V 1 → LpD× V 1
Ap 1f1x ξ = −ξ · ∇xf1x ξ − h1x ξf1x ξ
+
∫
V 1
k11x ξ ξ
′ f1x ξ
′ dξ′ 
Ap 2 LpD× V 2 → LpD× V 2
Ap 2f2x ξ = −ξ · ∇xf2x ξ − h2x ξf2x ξ
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where fi satisﬁes the boundary conditions (10); this is equivalent to f =
f1 f2 ∈ DAp.
K LpD× V 2 → LpD× V 1
Kf2x ξ =
∫
V 2
k12x ξ ξ
′ f2x ξ
′ dξ′DK = LpD× V 2
Then K LpD× V 2 → LpD× V 1 is a bounded linear operator. From
these deﬁnitions and the assumptions, we know that
Ap =
(
Ap 1 K
0 Ap 2
)

Similar to Ap and Api, also generate positive C0 semigroups (denoted by
Spit) in LpD× V i i = 1 2. By assumption, we have∫
V 1
k1 1x ξ
′
 ξdξ′ ≤ h1x ξ x ξ ∈ D× V 1
It follows from Theorem 1 that there exist δ > 0 and M ≥ 1 such that
Sp 1tp 1 ≤M exp−δt t ≥ 0 (11)
Obviously, Eq. (9) can be solved by f2x ξ = Sp 2tf2 0x ξ for every
initial value f2 0 ∈ DAp 2, and the positive semigroup Sp 2t is explicitly
represented by [12]
Sp 2tf2x ξ = χtx ξ exp
(
−
∫ 0
−t
h2x+ sξ ξds
)
f2x− tξ ξ
where χtx ξ = 1 if t−x ξ > t and 0 if t−x ξ ≤ t With this expres-
sion, we show that
lim
t→+∞Sp 2tf2p 2 = 0 f2 ∈ L
pD× V 2 (12)
In fact,
Sp 2tf2p 2 =
∫
D×V 2
χtx ξ exp
(
−
∫ 0
−t
h2x+ sξ ξds
)
× f2x− tξ ξdxdξ
≤
∫
t−x ξ>t
f2x− tξ ξdxdξ
=
∫
V 2
∫
D∩D+tξ
f2x ξdxdξ
Since for every ξ ∈ V 2 limt→∞D ∩ D+ tξ = , we obtain
lim
t→∞
∫
V 2
∫
D∩D+tξ
f2x ξdxdξ = 0
This proves Eq. (12).
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Substituting f2 in Eq. (8) with Sp 2tf2 0, we can express the solution f1
of Eq. (8) for every initial value f10 ∈ DAp 1 by [9]
f1x ξ t = Sp 1tf10x ξ +
∫ t
0
Sp 1t − sKSp 2sf2 0ds
It follows from (11), (12), and Lemma 4 that
lim
t→+∞f1tp 1 = 0 f10 f2 0 ∈ DAp 1 ⊕DAp 2 (13)
For every initial value f0 = f10 f2 0 ∈ DAp = DAp 1 ⊕DAp 2,
the solution of Eq. (1) is f x ξ t = f1x ξ t Sp 2tf2 0x ξ. So we
have by (12)–(13) that
lim
t→+∞f x ξ tp = limt→+∞f1x ξ t
p
p 1 + Sp 2tf2 0x ξpp 2
1
p = 0
This is equivalent to
lim
t→+∞Sptf0p = 0 f0 ∈ DAp
Remark 2. (a) If u0 = 0 and λ∗ = 0, then ωAp = sAp ≥ 0 [4]. So,
under the conditions of Theorem 2, Spt is not exponentially stable. When
p = 1 (the most important case), it has been shown [1, 14] that S1t is a
contraction semigroup, and hence the result of Theorem 2 is valid for all
f ∈ L1D× V . But S1t1 = 1t ≥ 0
(b) Since L1D × V  is an AL space, we can show that for every
f ∈ DA1+ S1tf1 is continuously differentiable and
d
dt
S1t1 = A1S1tf +1 − A1S1tf −1 t ≥ 0
It is also valid for arbitrary positive semigroups in any AL space [14, 16].
With this result and the Gauss integral theorem [13], we obtain
d
dt
S1tf1 = −B−S1tf∂D×V−
−
∫
D×V
hx ξ − hpx ξS1tf x ξdxdξ
where ·∂D×V− is the norm of the space L1∂D× V− ξ · nxdνxdξ.
The ﬁrst term on the right-hand side represents the decreasing rate of
the total particle number owing to escape from the boundary ∂D at time t,
and the second term represents the loss rate of the total particle number
owing to absorption at time t. We cannot manage the ﬁrst term properly,
because S1t is very complicated. If we can estimate it more accurately,
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then we will know more about Eq. (1). For example, if we could prove that
(like Sobolev’s inequality)
B−S1tf∂D×V− ≥ mf tS1tf1 t ≥ 0
where mf t ≥ 0, then we could obtain when the host medium is
nonmultiplying,
S1tf1 ≤ f1 exp
(
−
∫ t
0
mf sds
)
 t ≥ 0
Further, if
∫ +∞
0 mf tdt = +∞, then limt→+∞S1tf1 = 0.
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